Non-linear generalizations of teleparallel gravity entail the modification of a Lagrangian that is pseudo-invariant under local Lorentz transformations of the tetrad field. This procedure consequently leads to the loss of the local pseudo-invariance and the appearance of additional degrees of freedom (d.o.f.). The constraint structure of f (T ) gravity suggests the existence of one extra d.o.f. when compared with GR, which should describe some aspect of the orientation of the tetrad. The purpose of this article is to better understand the nature of this extra d.o.f. by means of a toy model that mimics essential features of f (T ) gravity. We find that the non-linear modification of a Lagrangian L possessing a local rotational pseudo-invariance produces two types of solution. In one case the original gauge invariant variables -the analogue of the metric in teleparallelism-evolve like when governed by the (non-deformed) Lagrangian L; these solutions are characterized by a (selectable) constant value of its Lagrangian, which is the manifestation of the extra d.o.f. In the other case, the solutions do contain new dynamics for the original gauge invariant variables, but the extra d.o.f. does not materialize because the Lagrangian remains invariant on-shell. Coming back to f (T ) gravity, the first case includes solutions where the torsion scalar T is a constant, to be chosen at the initial conditions (extra d.o.f.), and no new dynamics for the metric is expected. The latter case covers those solutions displaying a genuine modified gravity; T is not a constant, but it is (on-shell) invariant under Lorentz transformations depending only on time. Both kinds of f (T ) solutions are exemplified in a flat FLRW universe. Finally, we present a toy model for a higher order Lagrangian with rotational invariance (as analogous to f (R) gravity) and derive its constraint structure and number of d.o.f..
toy models, which will be very helpful to understand the disappearance of the extra d.o.f. in f (T ) gravity for some solutions and its general behavior.
This work is organized as follows. In Section II we introduce the basic concepts and definitions of teleparallel and modified teleparallel gravity. In Section III we present the Hamiltonian analysis of a toy model with rotational pseudo-invariance, and the analysis of the non-linear modification of it. We compare the outcome and generic features of the toy model with the f (T ) gravity case in Section IV, and classify a couple of qualitatively different cosmological backgrounds. In Section V we display a different toy model that shares some features with f (R) gravity. Section VI is devoted to the conclusions.
II. TELEPARALLEL AND MODIFIED TELEPARALLEL GRAVITY

A. Teleparallel geometry
We begin by introducing the basic notation and main expressions for understanding the teleparallel formalism. Let us consider a manifold M, a basis {e a } in the tangent space T p (M), and the dual basis {E a } in the cotangent space T * p (M). This pair of basis/co-basis accomplishes E a (e b ) = δ a b . When expanded in a coordinate basis as e a = e µ a ∂ µ and E a = E a µ dx µ , the duality relationship looks like
Our notation is such that Greek letters µ, ν, ... = 0, ..., n − 1 represent spacetime coordinate indices, and Latin letters a, b, ..., g, h = 0, ..., n − 1 are for Lorentzian tangent space indices. A vielbein (vierbein o tetrad in n = 4 dimensions) is a basis that encodes the metric structure of the spacetime through the expression
(η ab = diag(1, −1, −1, −1) is the Minkowski symbol). This allows to write
which indicates that the vielbein is an orthonormal basis. In component notation, the former expressions is written as
from which the relation between the metric volume and the determinant of the matrix E a µ can be derived, giving
The teleparallel equivalent of general relativity (TEGR) comes from the formulation of a dynamical theory of spacetime geometry for the vielbein field, encoding the metric structure of spacetime. The Lagrangian density for TEGR is
where T is the torsion scalar or Weitzenböck invariant,
which is made up of the torsion tensor
and the so-called superpotential
where T µ . = T λµ λ is the torsion vector. In the latter, we define the contortion tensor as
which is the difference between the Levi-Civita connection and a general connection. The strength field (8) is the torsion associated with the Weitzenböck connection Γ µ νρ . = e µ a ∂ ν E a ρ . The Weitzenböck connection is the simplest choice that cancels out the Riemann tensor, rendering a curvatureless spacetime where the parallel transport does not depend on the path: it is absolute. However, other choices for the connection are possible. A modern summary and criticism on these approaches can be found in [27] . The equations of motion for the Lagrangian (6) are obtained by varying L with respect to the tetrad field; they are 4 e ∂ µ (E e λ a S µν λ ) + 4 e λ a T ρ µλ S µν ρ − e ν a T = −2κ e λ a T ν λ ,
where T ν λ is the energy-momentum tensor coming from a matter field. Eqs. (11) can be proved to be equivalent to Einstein equations when written in terms of the metric tensor. TEGR is equivalent to general relativity (GR) not only in this sense, but also at the level of the Lagrangians. This is because the torsion scalar T and the Levi-Civita scalar curvature R are related by a boundary term
which is integrated out once in the action, yielding the equivalence between TEGR and GR Lagrangians.
B. Modified teleparallel gravity
If our starting point to describe the gravitational interactions is the TEGR Lagrangian, then the simplest way to a theory of modified gravity is to replace the TEGR Lagrangian by a non-linear function of it, in the same way as f (R) gravity is the simplest generalization of GR. If we try to deform gravity in this way, we can define the following action
where L m is a Lagrangian for matter. The dynamical equations of motion of this action are found by varying in terms of the tetrad field. It is obtained that 
The equations of motion (14) possess an unusual feature: while they are invariant under global Lorentz transformations of the tetrad field, they are sensitive to the local orientation of the tetrad. This means, they endow the spacetime with preferred parallelizations, which relate each other through a subset of LLT [28] . The breakdown of the LLI is irrelevant for the metric, since the components of the metric tensor are not affected either by global or local Lorentz transformations of the tetrad field. Then this loss of LLI is not a proper Lorentz violation in the sense of other explicitly Lorentz breaking gravitational theories, but implies the existence of an extra degree of freedom [11] that could be only detected through interactions of matter with the tetrad field instead of the metric.
The growing interest in f (T ) gravity mainly lies in its success in the cosmological arena. In fact, a Born-Infeld-like f (T ) is able to smooth space-time singularities, leading to a maximum attainable Hubble factor in the early universe, and so driving an inflationary epoch without the need of an inflaton field [6] . At the far end, the theory can explain the accelerated expansion of the universe by means of a power law in the torsion scalar. In this work we are interested in understanding how the extra degree of freedom of f (T ) gravity manifest itself in simple flat FLRW cosmological backgrounds; we present a couple of solutions of this kind in what comes next.
C. Branching of cosmological solutions
Recently it has been noticed that two different types of solutions can be obtained when using f (T ) gravity in the context of flat FLRW geometries, which present a qualitatively different value for the torsion scalar. On the one hand, the simplest and best known solution is [6, 7] 
which easily proves to be a solution of the system of equations (14) . The torsion scalar for this solution is
and the scale factor a(t) satisfies the dynamical equations 2 coming from replacing (15) in (14), giving −2T
The dynamics of the scale factor a(t) is subjected to the choice of the function f ; therefore this is the way the metric behavior departs from general relativity. On the other hand the flat FLRW geometry also allows for a family of solutions that reads
where
T o is a constant, and ψ is an arbitrary function of the radial distance r a(t). In this case, the torsion scalar is constant,
and the scale factor a(t) satisfies the dynamical equations
which are nothing but the equations of general relativity for a cosmological constant Λ
Then, this other type of solution comes with an integration constant T o -it appears in the radial boost governed by the function λ-that affects the effective values of the fundamental constants of the cosmology. This fact has been firstly reported in Ref. [29] for a vanishing value of the torsion scalar, through the null tetrad approach developed in Ref. [30] . We will employ a mechanical toy model to explain why the solutions of the original (GR) theory actually coexist with the expected new solutions of the modified f (T ) theory. We are interested in knowing how many degrees of freedom are involved in each case, and which is the remnant gauge freedom kept by the tetrad.
III. MODIFYING A MECHANICAL SYSTEM WITH ROTATIONAL PSEUDO-INVARIANCE
A. Counting degrees of freedom in constrained Hamiltonian systems
We will summarize Dirac's procedure for constrained Hamiltonian systems, [31] [32] [33] for later use in a couple of toy models. Let be a Lagrangian L = L(q k ,q k ) such that the equations defining the canonical momenta p k = ∂L/∂q k cannot be unambiguously solved for all the velocities. If so, the momenta are not independent but there exist some relations among the p k 's and q k 's,
which will be called primary constraints. 3 The constraints (22) define a subspace Γ p of the phase space -the constraint surface-where the dynamics of the system will remain confined. The primary Hamiltonian
is the sum of the canonical Hamiltonian H c =q k p k − L(q k ,q k ) and a linear combination of the primary constraints. The Lagrange multipliers u ρ (t) are free functions that can be varied independently to ensure the primary constraints. They leave H p with a degree of ambiguity that comes from the fact that the velocities cannot be univocally solved in terms of the canonical momenta.
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The condition that the primary constraints be preserved over time leads to the following system of equationṡ
where ≈ 0 means weakly zero (i.e."zero on the constraint surface"); h σ and C σρ are implicitly defined. These consistency equations could be accomplished by solving them for the functions u ρ . However if det C σρ ≈ 0 and h σ ≈ 0, the consistency equations cannot be entirely solved for the functions u ρ . In such case, secondary constraints will be needed to ensure that the primary constraints remain weakly zero while the system evolves. 4 Thus, the procedure should be iterated for the consistency of the secondary constraints, which could lead to more secondary constraints. The algorithm finishes when the set of primary and secondary constraints,
can be forced to consistently evolve by merely fixing some of the Lagrange multipliers u ρ . We can wonder how many Lagrange multipliers will be fixed, since some of the consistency equations could be automatically satisfied without imposing any condition on the Lagrange multipliers. For simplicity let us call φρ,ρ = 1, . . . , P + S, the complete set of independent constraints defining the constraint surface Γ. The consistency equations arė
If the rank of the S × P matrix Cρ ρ is K < P , then there will be P − K right null eigenvectors V ρ a ,
Therefore the replacement u ρ −→ u ρ + v a V ρ a , with arbitrary functions v a (t), will not alter the equation (26) . As a consequence, whenever the rank of Cρ ρ is less than P then it will remain an undetermined sector in the primary Hamiltonian (23) associated with the constraints
Let us call first class any phase space function F (q, p) having weakly vanishing Poisson brackets with all the constraints φρ; otherwise it will be second class. Remarkably, the constraints φ a are first class. 5 Also H p is first class due to the consistency relations. The constraints φρ can be linearly combined to get a maximum number of independent first class constraints "γ A ". A set of second class constraints "χ A " will complete the set of P + S constraints characterizing the constraint surface Γ. Since not only C aρ but C Aρ is weakly zero, then the consistency equations for all the first class constraints imply nothing for the u ρ 's. So, let us pay attention to the consistency equations for the second class constraints. We notice that the square matrix ∆ AB = {χ A , χ B } must be invertible; otherwise, there would be still first class constraints among the χ A 's. Since the determinant of the anti-symmetric matrix ∆ AB is different from zero, we also conclude that the number of second class constraints is even. Let us check the consistency of the second class constraints and the consequences for the Lagrange multipliers; we start froṁ
Then, by multiplying with ∆ BA
Therefore, if the index B alludes to a secondary constraint it is
which should be already a secondary constraint, since we have assumed that the algorithm is finished (all the secondary constraints have been found). On the other hand, if the index B alludes to a primary constraint it is
4 Secondary constraints will appear each time that w σ a hσ = 0, where w σ a is a null eigenvector of the P × P matrix Cσρ (w σ a Cσρ ≈ 0). These two results imply that the primary Hamiltonian can be written as 6
The ambiguity associated with the free functions v(t) implies that only first class phase-space functions will unambiguously evolve. For any other phase-space the evolution will be determined modulo gauge transformations generated by the φ a 's. Dirac has conjectured that not only the primary first-class constraints but all the γ A 's generate gauge transformations. Because of this reason it is a common practice to use instead the extended Hamiltonian
without damage for the evolution of the first-class phase-space functions. The gauge freedom involved in H E can be fully frozen by accompanying the γ A 's with an equal number of independent gauge-fixing conditions ξ A (q, p) ≈ 0. 7 If the gauge-fixing conditions fulfill det{γ A , ξ B } ≈ 0, then the v A 's will be completely fixed by the requirement that the gauge-fixing conditions must be consistent with the evolution of the system. Actually det{γ A , ξ B } ≈ 0 means that the γ A 's and the ξ B 's form a second-class set. In fact no first-class constraint remains since the gauge freedom has been completely frozen. Not only the gauge-invariant functions -the observables-but any phase-space function will so evolve without ambiguities. Thus the phase space is restricted by the set of conditions γ A ≈ 0, ξ A ≈ 0, χ A ≈ 0. Each pair of conditions eliminates one degree of freedom. Therefore, the d.o.f. are counted by considering the number of pairs of canonical variables (q n , p n ) and the number of first-class (f.c.) and second-class (s.c.) constraints through the following formula
We will make extensive use of this algorithm in the following subsections.
B. Rotationally pseudo-invariant Lagrangian
We will propose a toy model that mimics some general features of TEGR theory, so later we can study its modification, which will possess several features also present in f (T ) gravity. Let us study the following mechanical Lagrangian 8
where z, z are complex conjugate canonical variables. As can be seen, L is a Lagrangian governing the evolution of a sole dynamical variable: zz. In fact the last two terms are just the total derivative dg(z, z)/dt without any influence on the Lagrange equations. Besides, the first term is a kinetic energy for √ zz,
and U is a potential for zz. This means that the Lagrange equations will govern the evolution of the modulus of the complex variable z, but the evolution of its phase z/|z| will remain non-determined. We can notice this fact also at the level of the symmetries of the Lagrangian, which is pseudo-invariant under ("local") time-dependent rotations (it is invariant except for a total derivative):
We can recognize some features that resemble the TEGR theory. In fact, the TEGR Lagrangian is pseudo-invariant under LLT of the tetrad; so it only governs the dynamics of the metric, but it is unable to determine the "orientation" of the tetrad. The analogy is not complete because the boundary term in this toy model just contain first order derivatives of the canonical variables, differing from the case of TEGR on which the boundary term contains second order derivatives of the tetrad. Now let us pass to the Hamiltonian formalism, and look for the constraint algebra. The canonical momenta are defined as
from which it is easily seen the primary constraint
which fulfills
In Eq. (39) one recognizes the form of the angular momentum; so G (1) is the generator of rotations. Equation (40) then says that zz is invariant under rotations. As it happens in any theory having invariance under rotations, the angular momentum is conserved; however the conservation here is not the result of the dynamical equations but it appears under the form of a constraint among the canonical variables. This means that the (conserved) value of the angular momentum cannot be freely chosen by manipulating the initial conditions; instead the initial conditions are restricted to satisfy the sole allowed value G (1) = 0. The reason why the angular momentum behaves in such way is because the Lagrangian not only is (pseudo-) invariant under rotations, like the Lagrangian of a particle in a central potential is, but its very dynamical variable zz is already invariant under (even local) rotations. These are the features characterizing the so called gauge systems, i.e. those systems whose Lagrangians do not give dynamics to each canonical variable, but only govern some combinations of variables, which can be recognized through their invariance under (local) gauge transformations. Noticeably, in the case under study, the angular momentum G (1) has contributions coming from those terms in L that are linear inż,ż (the terms we added to L to become it pseudoinvariant). As we know, these extra terms do not affect the fulfillment of the Lorentz algebra in theories of gravity as TEGR [38] ; however they are essential to establish the number of degrees of freedom of the "deformed" theories, as we are going to see in the next subsection. The canonical Hamiltonian is
while the primary Hamiltonian is
where u(t) is a Lagrange multiplier. The presence of the last term has a twofold meaning. On the one hand it means that the form of the Hamiltonian is ambiguous on the constraint surface, since one can rewrite some of the canonical variables by using the constraint. On the other hand it implies that only the quantities O(z, z, p z , p z ) having rotational invariance (i.e., {G (1) , O} ≈ 0) will unambiguously evolve. The other (non-gauge-invariant) quantities are not observables; their evolution will remain ambiguous as long as the function u(t) remains unknown. For consistency reasons, G (1) should evolve without leaving the constraint surface; i.e.Ġ (1) = {G (1) , H p } ≈ 0. If this condition were not fulfilled, then one should impose new (secondary) constraints to have a consistent evolution. Since {G (1) , zz} is zero, then
As can be easily verifiedĠ (1) = {G (1) , H p } = 0 (i.e. it is zero in all the phase space, not only on the constraint surface). Therefore, no secondary constraints appear in this example. There is a unique (necessarily) first-class constraint; so one degree of freedom is removed, and the system is left with just one genuine degree of freedom [31] [32] [33] . As said, zz is the gauge invariant (observable) associated to the unique physical degree of freedom. The analogies between the toy model and the TEGR theory are summarized in Table I . Notice that in the table we do not list all TEGR constraints, the discussion on the number and physical interpretation of them can be found at Section IV. Let us deform the mechanical toy model given by Lagrangian (36) and replace the pseudo-invariant Lagrangian L with a function of itself:
The theory described by the Lagrangian L = f (L) is dynamically equivalent to the one governed by the Jordan-frame Lagrangian that includes an additional dynamical variable φ:
In fact, the Lagrange equation for φ is
So, the dynamics says that L in Eq. (45) is the Legendre transform of V (φ); therefore, L is a function f (L). Each choice of V equals a choice of f ; the inverse Legendre transform then implies
On the other hand, the Lagrange equation (46) also says that the dynamics of φ is completely determined by the dynamics of z(t) and z(t) through the function L(z(t), z(t),ż(t),ż(t)). We remark that, although L comes with a total derivative, L is not pseudo-invariant because the total derivative in Eq. (45) is multiplied by φ. So, the system described by the Lagrangian L has, in principle, two degrees of freedom: let us say z and z. Nevertheless, there is a particular case where the number of degrees of freedom reduces to one: when the function g in Eq. (36) has the form g(z, z) = v(zz). In that case L in Eq. (45) depends only on zz and φ; but, as already said, the dynamics for φ is linked to the one for zz. This alternative (one or two degrees of freedom) should be reflected by the Dirac-Bergmann algorithm for the Hamiltonian formalism of this system. Let us compute the canonical momenta associated with φ, z and z:
We easily get the angular momentum constraint
Notice that the piece of G (1) which comes from the boundary term in L is now multiplied by φ. In consequence, the dynamical system defined by Eq. (45) has two primary constraints whose Poisson bracket is
The canonical Hamiltonian is
and the primary Hamiltonian is
where u π , u are Lagrange multipliers. We must evaluate the evolution of the primary constraints to look for secondary constraints:Ġ
Therefore there are three different ways to guarantee the consistency of the evolution, which we proceed to study in three separated cases.
Case (i)
If g(z, z) = v(zz), i.e. z ∂g ∂z − z ∂g ∂z = 0, then we guarantee the consistency of the evolution by choosing the Lagrange multipliers in the following way:
The system has no secondary constraints; the only constraints G (1) , G
π are second-class, since {G (1) , G
π } in Eq. (51) is different from zero. So, they remove only one degree of freedom [31] [32] [33] ; there are two genuine degrees of freedom among the variables (z, z, φ). Notice that, differing from f (T ) gravity, no gauge freedom is left in this system since both Lagrange multipliers have been fixed; so the primary Hamiltonian completely determines the evolution of the variables. In particular, the evolution of φ is given by the equatioṅ
which means that φ is a free constant. The equation for z(t) iṡ
so the Lagrange equation L − V ′ (φ) = 0 (see Eq. (46)) is obtained. The Lagrange multiplier u then becomes
By combining the Eqs. (46) and (57) 
Instead ofṗ z , let us compute the evolution of the rotational-invariant quantity z p z − φ z ∂g/∂z:
By replacing with Eqs. (49), (52) and (57), one obtains
which amounts the conservation of h = 2 d( √ zz)/dt 2 + U . Equation (62) coincides with the Lagrange equation
for the system described by the Lagrangian L. 9 However the Lagrangian L still makes a difference with L. This is because the dynamics governed by L imposes a new constant of motion besides h: L has to be a constant as well. While Eq. (62) only fixes the evolution of |z(t)|, the condition L = constant is an additional requirement that involves the phase of z(t) in the total derivative term of L. 10 Therefore, differing from L, the Lagrangian L governs the evolutions of both the modulus and the phase of z (notice, however, that the initial phase is irrelevant due to the global rotational symmetry).
In sum, the system described by the Lagrangian (45) has two degrees of freedom: one of them is |z| 2 = zz whose dynamics does not differ from the one described by the Lagrangian (36); in both cases we arrive to the conserved quantity h = 2 d( √ zz)/dt 2 + U . Once the evolution of |z| is determined by the choices of the initial value |z(t o )| and the constant of motion h, the evolution of the phase of z, which is the remaining degree of freedom, is determined by the condition L(t) = constant. The value of this constant connects with the value of φ through the Eq. (46) . There is no other physics associated with φ, over and above the one related to the phase of z. In the analogy with f (T ) gravity, φ could be then regarded as a variable carrying information about the "orientation" of the tetrad, which would be partially determined by the dynamical equations. We will discuss more on this issue later.
Case (ii)
If g(z, z) = v(zz), i.e. z ∂g ∂z − z ∂g ∂z = 0, then L depends only on |z| 2 = zz and φ. The constraints G (1) , G
(1) π commute (see Eq. (51)), and the Lagrange multipliers u, u π are not determined by the Eqs. (54), (55). WhileĠ (1) is zero, the consistency of G
π leads to the secondary constraint
which recovers the Eq. (46) , and tells that the values of φ are now linked to those of zz.
If g(z, z) = v(zz), then L is invariant under rotations. Therefore
Besides
Let us examine the consistency of G (2) under the time evolution of the system: 9 Analogously, in f (T ) gravity the solutions with constant T satisfy Einstein equations (although the cosmological and gravitational constants are shifted). 10 In f (T ) gravity, it involves the orientation of the tetrad which affects the boundary term of the T EGR Lagrangian.
If V ′′ (φ) = 0, then the consistency can be guaranteed by choosing u π , 11
In such case we are left with a first-class constraint G (1) and two second-class constraints G (1) π , G (2) . So, two degrees of freedom are suppressed by the constraint structure. Since we started with three dynamical variables, z, z and φ, then the system has one genuine degree of freedom. The observable (gauge-invariant) variable is zz. The phase of z remains as a gauge freedom; it is not determined by the evolution since the Lagrange multiplier u(t) has not been fixed.
The dynamical equation for φ,
does not contain new information since it can be also obtained by differentiating Eq. (64); in particular, it does not constraint L to be a constant. The evolution of φ is then entirely determined by the evolution of zz through Eq. (64). On the other hand, the evolution of zz will be different than in the case (i); this is because φ is no longer a constant (as it is in the case (i)). This does not mean that φ does not have a role; the reader must remember that φ exists because the Lagrangian L has been replaced with L = f (L). In fact, the l.h.s. in Eq. (61), which is the equation we used to obtain the evolution of zz, will now generate an additional term associated withφ. Since z p z − φ z ∂g/∂z = φ d(zz)/dt (see Eq. (49)), the new term will beφ d(zz)/dt. Thus, the dynamical equation (62) for zz will now read
This is the result we were expecting, because it is the Lagrange equation for a Lagrangian L = f (L) that depends exclusively on zz.
Case (iii)
As can be seen in Eqs. (54) and (55), the consistency of the evolutions of both primary constraints G
π and G (1) are affected by the quantity z ∂g/∂z − z ∂g/∂z. This quantity vanishes if g(z, z) = v(zz), as considered in the item (ii), so meaning that L = f (L) becomes invariant under local rotations, and the system is left with only one degree of freedom. However, we could still consider another possibility: that the condition z ∂g ∂z − z ∂g ∂z = 0 (72) be accomplished just in some region of the constraint surface. For instance, let us consider a function g(z, z) = g(z +z); then
We see that the relevant quantity for our analysis vanishes if z is real. Therefore the real solutions, if they exist, would work as case (ii). Since the phase of z has been frozen to be zero, no extra d.o.f. would be left in these solutions. The condition (72) defines a hypersurface in the phase space. The intersection of this hypersurface with the constraint surface, if it exists, would constitute a subspace where the degree of freedom associated with the phase of z does not manifest itself, since the Lagrangian L = f (L) would turn to be invariant under infinitesimal local rotations δz = i α(t) z:
Thus, we should wonder about the existence of solutions to the equations of motion lying on the subspace defined by Eq. (72) and the constraints. These solutions should not contain a d.o.f. associated with the phase of z; they would remain as solutions to the equations of motion under infinitesimal local rotations. These solutions would evidence just one degree of freedom: the one related to the modulus of z. Therefore, the Lagrangian L = f (L) could lead to solutions displaying one or two degrees of freedom, depending on which region of the constraint surface they lie (i.e., depending on whether they satisfy the condition (72) or not).
In sum, in the Jordan frame we rewrite the Lagrangian L = f (L) as L = φ L − V (φ). If the boundary termġ(z, z) present in L is such that z ∂g/∂z − z ∂g/∂z = 0, then an extra degree of freedom associated with the phase of z will manifest itself. In the Jordan frame, the extra degree of freedom comes from the free choice of the constant φ which, on its side, determines the phase of z through the condition L = V ′ (φ) = constant. Instead, if z ∂g/∂z − z ∂g/∂z = 0, then L = f (L) will not be sensitive to the phase of z; so φ cannot be associated with an extra degree of freedom but will be entirely determined by zz through the equation G (2) = L − V ′ (φ) ≈ 0 without imposing any condition to the value of L. However the fact that φ is not constrained to be a constant will imply an additional term in the dynamical equation for the modulus of z, as can be straightforwardly verified in the Lagrange equations for the Lagrangian L = f (L). Besides, if there were solutions such that z ∂g/∂z − z ∂g/∂z cancels out, then these solutions will remain as solutions of the equations of motion under infinitesimal local perturbations of the phase of z; therefore they would just exhibit the degree of freedom associated with zz.
IV. f (T ) GRAVITY: A MODIFIED LORENTZIAN PSEUDOINVARIANT LAGRANGIAN
A. Summary of d.o.f. counting in f (T ) gravity
The modified rotationally pseudo-invariant system of Section III is useful to understand several features of f (T ) gravity, since the latter consists in the modification of the Lorentzian pseudo-invariant TEGR Lagrangian. Due to the inherent complications of the dynamical equations of f (T ) gravity, the Jordan frame formalism has been used for the analysis of the constraint algebra and the counting of d.o.f. [11, 35] . Ref. [35] uses the first order Hamiltonian formalism developed in [36, 37] as a base for computing the constraint structure of f (T ) gravity. Instead, Ref. [11] uses the canonical Hamiltonian formalism for TEGR described in [38] . 12 While in Ref. [35] the authors claim that f (T ) gravity has n − 1 extra d.o.f. in dimension n, the outcome of the counting of d.o.f. in [11] gives only one extra d.o.f. in arbitrary dimension. More evidence that speaks in favor of only one d.o.f. can be find in Ref. [24] , where the extra d.o.f. is identified with a scalar field which partially determines the orientation of the tetrad field. Other classes of modified teleparallel gravities might have a different number of d.o.f. [39, 40] .
In what follows we will summarize some key findings that are essential for the understanding of the counting of degrees of freedom in f (T ) gravity. The notation in what comes next will be borrowed from [11] ; the reader can find all the definitions and details there. The constraints of f (T ) gravity can be counted and classified as • 1 primary constraint G (1) π coming from the vanishing of the momentum conjugate to the auxiliary scalar field φ,
• n primary constraints G (1) a coming from the absence of ∂ 0 E c 0 in the Lagrangian (analogous to electromagnetism),
• n(n − 1)/2 primary constraints G (1) ab associated with Lorentz invariance (also appearing in TEGR),
• n secondary constraints G (2) µ due to the diffeomorphism invariance (same constraints as in GR). 12 In Ref. [38] From the whole set of primary and secondary constraints of the theory, there are only two non-vanishing Poisson brackets. These correspond to
and
where F ab , F φ are
The functions F ab , F φ are key in determining the number of physical d.o.f. of the theory. They enter the the matrix of Poisson brackets Cρ ρ ; so they determine the rank of Cρ ρ and the separation of the constraints in first-and second-class. These functions can be arranged to compose a vector F,
We also define the vector G,
to write the brackets (75)-(76) in a vector way:
This vector equation can be "rotated" to have all the components of F but one equal to zero. In other words, the constraints G (1) ab and G (2) 0 can be re-arranged by linearly combining them to have all the brackets (75)-(76) but one equal to zero. Therefore, the brackets (75)-(76) just mean that one combination of G (1) ab 's and G (2) 0 will fail to be a first class constraint. That combination together with G f. is the other side of the coin of the reduction of the gauge freedom, since a combination of Lorentz constraints now takes part in a second class constraint; so, it stops generating a Lorentz a gauge transformation. Therefore, the orientation of the tetrad in f (T ) gravity would be partially determined through the choice of the extra d.o.f. at the initial conditions. Which is the combination of Lorentz constraints that no longer generates a gauge transformation will depend on the value of F for each solution; we just mention that F φ will be dynamically zero (cf. Eq. (46)).
B. Lessons of the toy model for f (T ) gravity
Concerning the comparison between the toy model and f (T ) gravity, we see that the Poisson brackets (75) are analogous to its toy model counterpart {G (1) , G (1) π } defined in Eq. (51). The analogy implies that the functions F ab play somehow a role analogous to z ∂g/∂z − z ∂g/∂z. 13 While G (1) corresponds to the rotational gauge symmetry of the toy model, G (1) ab relate to the Lorentz gauge symmetry of TEGR. Both symmetries will be lost in the modified models, due to the non-vanishing of the brackets in Eqs. (51) and (75), respectively. However, in f (T ) there is still room for a subset of Lorentz transformations that keep being a symmetry of the theory; this subset is determined by the value of the vector F in each solution.
The analogy between z ∂g/∂z − z ∂g/∂z and F ab also appears at the Lagrangian level in the analysis of the pseudo-invariance of L and L T EGR = E T . In fact, the change of L under an infinitesimal rotation of angle α(t) (i.e., δz = i α(t) z),
is governed by z ∂g/∂z − z ∂g/∂z. On the other hand, the infinitesimal Lorentz transformation of L T EGR can be obtained from the expression (12) , rewritten as L T EGR = −ER + 2∂ µ (ET µ ). In varying it, we must take into account that ER is locally invariant under Lorentz transformations of the tetrad -it depends exclusively on the metric-. Then, the variation of L T EGR is equal to the variation of the boundary term 2 ∂ µ (ET µ ), that is
Since T µ is invariant only under global Lorentz transformations of the tetrad field, then the Eq. (82) exhibits the pseudo-gauge-invariance of L T EGR . Let us consider an infinitesimal local Lorentz transformation of the tetrad in the a − b plane,
Then the change of ∂ µ (E T µ ) is
.
(84)
In this calculation we have only kept terms involving derivatives of the parameter α, because we already know that L T EGR is not sensitive to global Lorentz transformations (represented by α = constant in (83)). 14 Using the standard
Comparing with Eq. (77) we see that ∂ µ (E e 0 [a e µ b] ) = −(3/4)F ab . Thus the variation (84) implies that
As seen, both F ab and z ∂g/∂z − z ∂g/∂z play a role in the pseudo-invariance of L T EGR and L respectively. The modified toy model has shown us that two types of solutions can exist when The interest in case-(iii) solutions comes from the fact that they give new dynamics to the original gauge-invariant variables; in f (T ) gravity, they are apt to study modified gravity. In a case-(i) solution, instead, the dynamics for the components of the metric tensor is the same than in TEGR, except for the shift of the cosmological and Newton constants due to the fact that the determinant E is not encapsulated in the function f .
The previously remarked analogies between the modified toy model and f (T ) gravity are summarized in Table II . 
π } = F ab lost gauge symmetry rotation in the plane (z, z) a linear combination of Lorentz transformations degrees of freedom |z|+ scalar field 2 polarizations of gµν+ scalar field We will exemplify case-(i) and case-(iii) solutions in f (T ) gravity by revisiting cosmological solutions already existing in the literature, in the context of flat FLRW cosmology. The commonly used solution is the diagonal tetrad in (15) with T = −6H 2 [6, 7] . It is easy to prove that all the coefficients F ab 's are zero, since the tetrad (15) depends only on time, and F ab just involve spatial derivatives. This is a case-(iii) solution; therefore, the extra d.o.f. does not manifest itself.
On the other hand, the tetrad (18) is a case-(i) solution. In fact, T is a constant T o ; besides some of the F ab 's are different from zero, namely
(the rest of the antisymmetric components F ab are zero on-shell). By replacing the tetrad (18) 
to get on-shell
Therefore, G
01 and G (1) π make up a pair of second-class constraints, and the rest of the constraints are first-class. Of course, the second-class sector of the G (1) ab 's is ambiguous, because the addition of a linear combination of first-class constraints to G (1) 01 will not change the result of the previous Poisson brackets.
We will take advantage of the simplicity of the case-(i) solution (18) to make some considerations about the relationship between the extra d.o.f. and the remnant gauge invariance. No local Lorentz transformation of the tetrad can modify the metric (2)-(4). But it could affect the f (T ) dynamics, since it will produce one of the following results:
I) It affects the value of T ; T is no longer a constant, so the transformed tetrad is not a case-(i) solution (it could be a case-(iii) solution or not a solution at all).
II) It affects the value of T ; T turns to be a different constant, so the transformed tetrad is another case-(i) solution because the extra d.o.f. has changed its value.
III) The (constant) value of T is not affected; the local Lorentz transformation is a remnant gauge symmetry.
To exemplify, let us show two local Lorentz transformations of the tetrad (18) not changing the value of T (remnant symmetries): 1) a rotation in the (E 2 , E 3 ) subspace (the local parameter α(x) is completely free),
2) a boost along the ϕ direction (the local parameter β(x) cannot depend on ϕ in order to keep the value T = T o ):
The tetrads (18) On the other hand, a boost along the r direction -the transformation associated with G
01 -is able to change the value of the constant T o , so passing to a different case-(i) solution. In fact, a boost along the r direction will leave the tetrad (91) unchanged, except for the replacement
where γ(x) is the parameter of the boost. Therefore I) If the parameter γ(x) is arbitrary, then T will be no longer a constant. So the transformed tetrad will not be a case-(i) solution.
II, III) If the parameter γ(x) has the form In this section we will study another toy model and its modification, in order to show a qualitatively different mechanism for the generation of an extra degree of freedom. The idea is to mimic the Einstein-Hilbert Lagrangian which is composed by terms that are invariant under local Lorentz transformations in the tangent space (they depend just on the metric), but it exhibits a second order boundary term to guarantee the invariance under local diffeomorphisms. So let us introduce a second order Lagrangian displaying invariance under local rotations:
The last term is a total derivative which does not enter the Lagrange equations; so, the dynamics is still governed by the equations (62). However the presence of second derivatives in the Lagrangian implies the use of Ostrogradsky's procedure to introduce the Hamilton equations; namely, we have to define momenta associated with both canonical variables z and Z ≡ż:
Thus we get three primary constraints:
that commute, since
The primary Hamiltonian is
As already expected, there is not a unique way for writing the canonical Hamiltonian, due to the presence of constraints. For instance, we can also write H = Z p z +Z p z −(2 z z) −1 z Z + z Z 2 −2 A Z Z +U (zz). However this apparently simpler form of H will lead to secondary constraints. 16 The constraints remain zero when the system evolves,
So we have three first class constraints in a phase space of dimension 8. The reduced phase space has dimension 2, which means one degree of freedom.
B. Modified rotationally invariant higher order Lagrangian
Let us deform the theory by replacing the invariant higher order Lagrangian with a function of itself:
which is dynamically equivalent to the Jordan frame representation that includes an additional dynamical variable φ: 16 The secondary constraints will be
Z ≡Ġ
(1)
The constraints G
Z , and G
(2) Z are nothing but the definitions of P Z , P Z , pz, and p z . Besides G
Z . This non-independence is an additional ingredient for the right counting of the degrees of freedom. The secondary constraints should prove to consistently evolve, what could lead to tertiary constraints.
The consistency equations areĠ
where Φ is given by Eq. (114), anḋ
Thus, no secondary constraints will appear, since the consistency can be managed by properly choosing the Lagrange multipliers. From the algebra (110), (111), (112) we recognize one first-class constraint G
Π (so u Π will be left as a free function of t). Among the other four Lagrange multipliers only two of them seem to have been determined: u π (t) = Φ(t) (however the evolution of Φ is not determined by Hamilton equations!), and some combination among u, u Z , and u Z to make zero the result (119). Therefore, four Lagrange multipliers would be left free, what would imply that the evolution of four of the six variables z, z, Z, Z, φ, Φ are not determined by Hamilton equations. The fact that some of the Lagrange multipliers u, u Z , u Z , u π are not determined by the consistency equations means that the set G (1) , G
π involves first-class constraints. In fact, the matrix
has rank 2; so, by combining rows, we can make two of them zero. Concretely, the constraints can be combined to yield
Thus, the algebra (110), (111), (112) is replaced by 
Therefore the first-class constraints are G
1 , G
2 , G
Π , and the second-class constraints are G
3 , G
π . Then 3+1 degrees of freedom are removed from the canonical variables z, z, Z, Z, φ, Φ. Two genuine degrees of freedom are left. This toy model can be regarded as an analogue of f (R) gravity. The extra d.o.f. is then analogous to the well known propagating extra d.o.f. that results from the trace of the modified Einstein equations in f (R) gravity.
VI. CONCLUSIONS
In order to better understand the nature of the extra degree of freedom in f (T ) gravity, we have developed in Section III a toy model endowed with local rotational pseudo-invariance, that mimics the pseudo-invariance of the TEGR Lagrangian under local Lorentz transformations of the tetrad field. The non-linear modification of this system can be then taken as an analogue of f (T ) gravity. We have shown that the non-linear modification of a pseudo-invariant system leads to two different scenarios. In general, one extra d.o.f. should be expected due to the loss of the local rotational pseudo-invariance in the modified system. In the so called case-(i) solutions, the extra d.o.f manifest itself as a constant of motion affecting the phase of the dynamical variable z; it does not influence the gauge invariant variable |z|, which evolves under the dictates of the (non-modified) original Lagrangian. The other scenario relates to the case-(iii) solutions, which make working the modified dynamics like if they came from an invariant Lagrangian (i.e., like if they were case-(ii) solutions). These solutions do not exhibit an extra d.o.f. but a really modified dynamics for the gauge invariant variables.
The counting of the number of d.o.f., both for the toy model (Section III) and f (T ) gravity (Section IV), relies on the Dirac-Bergmann formalism for constrained Hamiltonian systems, which has been designed to identify the constraints that generate gauge transformations, and to separate the spurious d.o.f.. We have summarized the qualitative features of the toy model and TEGR in Table I ; the same comparison between the modified toy model and f (T ) gravity is found in Table II . In both models, the distinctive feature is the deformation of the constraint algebra due to the loss of the pseudo-invariance. As a consequence, a subset of the Poisson brackets of the constraint algebra becomes different from zero; however, they could remain zero on some trajectories of the phase space, which is the key for the branching of the solutions into case-(i) and case-(iii). In the case-(i) solutions of f (T ) gravity, the scalar torsion T is a genuine d.o.f. that behaves as a constant of motion. The dynamics of the original gauge invariant d.o.f.'s (the components of the metric tensor) is dictated by the equations of TEGR (however the cosmological and Newton constants are shifted as a consequence of the role of E in the Lagrangian density). In the case-(iii) solutions the constraint algebra becomes (on-shell) trivial; the extra d.o.f. does not manifest itself but the metric gets a modified dynamics. Some remnant gauge symmetry can be left in both cases, since TEGR is a field theory that comes not with one but with six local Lorentz pseudo-invariances (in n = 4 dimensions). We have exemplified the two different scenarios in the context of FLRW flat cosmology. The present analysis strongly suggests the study of the branching of solutions to f (T ) gravity in cases other than the cosmological one. Some other examples of solutions with T = constant in modified teleparallel gravity have been documented in [30, [42] [43] [44] [45] [46] .
Finally, in Section V we have contributed to deepen the comparison between f (R) and f (T ) gravity by introducing a toy model that is intended to mimic f (R) gravity. This model is invariant under local rotations; thus its non-linear modification does not entail the loss of a local symmetry. However, the model comes with a second order boundary term, which will be encapsulated in the function f of the modified dynamics. Thus, fourth-order Lagrange equations have to be expected for the modified dynamics, which will cause an extra d.o.f.. This toy model is a good analogue of f (R) gravity because the Einstein-Hilbert Lagrangian is made of terms that are separately invariant under local Lorentz transformations of the tetrad (they depend just on the metric). Besides, it includes an inoffensive second order boundary term that is needed to achieve the invariance under local diffeomorphisms. As is well known, f (R) gravity possesses a propagating extra d.o.f., whose dynamics is governed by the trace of the modified Einstein equations. This fact seems to constitute a remarkable difference when compared with f (T ) gravity.
